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SUMMARY 
We present our numerical results for certain unsteady flows past oscillating cylinders and aerofoils. The 
computations are based on the stabilized space-time finite element formulation. The implicit equation 
systems resulting from the space-time finite element discretizations are solved using iterative solution 
techniques. 
One of the problems studied is flow past a cylinder which is forced to oscillate in the horizontal direction. 
In this case we observe a change from an unsymmetric mode of vortex shedding to a symmetric one. An 
extensive study was carried out for the case in which a cylinder is mounted on lightly damped springs and 
allowed to oscillate in the vertical direction. In this case the motion of the cylinder needs to be determined as 
part of the solution, and under certain conditions this motion changes the vortex-shedding pattern of the 
flow field significantly. This non-linear fluid-structure interaction exhibits certain interesting behaviour such 
as ‘lock-in’ and ‘hysteresis’, which are in good agreement with the laboratory experiments carried out by 
other researchers in the past. Preliminary results for flow past a pitching aerofoil are also presented. 
KEY WORDS Space-time Finite elements Incompressible flows Galerkinbeast-squares Deforming spatial 
domain Oscillating cylinder Pitching aerofoil Clustered element-by-element GMRES Vortex shedding Vortex- 
induced oscillations Lock-in Hysteresis 
1. INTRODUCTION 
Recently, Tezduyar et al.’. introduced the DSD/ST (deforming spatial domain/space-time) 
procedure and applied it to several unsteady incompressible flow problems involving moving 
boundaries and interfaces, such as free surface flows, liquid drops, two-liquid flows and flows with 
drifting cylinders. In this paper we use the same method to study certain unsteady flow problems 
involving oscillating cylinders and aerofoils. The DSD/ST method is based on the space-time 
formulation with the GLS (Galerkinpeast-squares) stabilization. More information on the 
space-time finite element formulation with the GLS stabilization for problems with fixed spatial 
domains can be found in References 3-6. Because the space-time formulation involves finite 
element discretization not only in space but also in time, the deformation of the spatial domain is 
taken into account automatically. In the DSD/ST procedure the frequency of remeshing is 
minimized. Here we define remeshing as the process of generating a new mesh and projecting the 
solution from the old mesh to the new one. Since remeshing generally involves projection errors, 
minimizing the frequency of remeshing results in minimizing the projection errors. Minimizing 
the frequency of remeshing also results in an increase in the parallelization potential of the 
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computations. For all results presented in this paper, computations were performed using 
mesh-moving schemes that eliminate the need for remeshing. 
To reduce the computational cost associated with solving the implicit equation systems 
resulting from the space-time finite element discretizations, efficient iterative solution techniques 
need to be employed. Here we use the generalized minimal residual (GMRES)7 iteration 
algorithm in conjunction with the clustered element-by-element (CEBE)’ preconditioners. 
The first case studied is flow past a horizontally oscillating cylinder at Reynolds number 100. 
This leads to a symmetric mode of vortex shedding even though the computations start with an 
unsymmetric, temporally periodic solution obtained for flow past a fixed cylinder at Reynolds 
number 100. The second case studied involves flow past a cylinder that is mounted on flexible 
supports and is free to respond to fluid forces in the vertical direction. Consequently, the motion 
of the cylinder itself needs to be determined as part of the solution. The Reynolds number for this 
study varies between 290 and 360. This problem represents a case of vortex-induced oscillations 
and the aim of this study is to have an in-depth understanding of this non-linear fluid-structure 
interaction phenomenon when the vortex-shedding frequency is close to the natural frequency of 
the oscillator. Over a limited range the motion of the cylinder controls its vortex-shedding 
frequency; this phenomenon is called ‘ lo~k- in’ .~- ’~  This effect also manifests itself in shaping the 
structure of the wake downstream of the cylinder. Compared to the wake of a fixed cylinder, the 
longitudinal spacing between the vortices in the wake of an oscillating cylinder increases or 
decreases depending on whether the cylinder vibration frequency is smaller or larger than the 
vortex-shedding frequency for a fixed cylinder. l2  For certain Reynolds numbers, depending on 
the initial oscillation amplitude, the oscillator reaches two different temporally periodic vibration 
amplitudes. This phenomenon can also be interpreted as a ‘hysteresis’-type behaviour, since the 
solution depends on whether the Reynolds number being considered is approached from the 
lower or the higher side.” We attempt to explain the cause of this double-amplitude behaviour 
by carrying out a linear oscillator analysis and viewing the resulting cylinder response along with 
certain experimental data reported by B l e ~ i n s . ~  These experimental data for flow past a vertically 
oscillating cylinder relate the cylinder oscillation amplitude needed for the shedding frequency to 
‘lock in’ to its vibration frequency. Recently, other researchers”~ have also been involved in the 
investigation of the fluid-structure interaction phenomenon using finite element techniques. The 
last case we study is flow past a NACA 0012 aerofoil forced to pitch about its half-chord point at 
Reynolds number 1OOO. These preliminary Computations were performed using a new mesh- 
moving scheme that we designed to handle the motion of any object without the need for 
remeshing. The mesh-moving scheme used for the oscillating cylinders is a special case of this 
more general scheme. The flow patterns obtained from these preliminary computations compare 
qualitatively well with similar experimental and numerical results reported by other re- 
s e a r c h e r ~ . ~ ~ * ~ ~  We plan to extend this study to investigate the phenomenon of dynamic stall 
which might occur during a severe manoeuvre of a fighter aircraft. 
2. THE GOVERNING EQUATIONS 
Let R, E UPd be the spatial domain at time t E (0, T),  where nsd is the number of space dimensions. 
Let I?, denote the boundary of R,. We consider the following velocity-pressure formulation of the 
Navier-Stokes equations governing unsteady incompressible flows: 
p - -+u.vu -v .o=o (: ) on Q V t ~ ( 0 ,  T),  
V - u = O  on R,Vte(O, T), (2) 
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where p and u are the density and the velocity respectively and 0 is the stress tensor given as 
4 p ,  u) = -PI + 2P-m (3) 
with 
E(U) = +[VU + (VU)T]. (4) 
Here p and p are the pressure and the dynamic viscosity respectively and I is the identity tensor. 
The part of the boundary at which the velocity is assumed to be specified is denoted by (Ft),: 
u =g on (rJ, V t E (0, T). ( 5 )  
The 'natural' boundary conditions associated with (1) are the conditions on the stress compon- 
ents, and these are the conditions assumed to be imposed at  the remaining part of the boundary: 
n . a = h  on ( r t h V t E ( O ,  T) .  (6) 
The homogeneous version of (6), which corresponds to the 'traction-free' (i.e. zero normal and 
shear stress) conditions, is often imposed at the outflow boundaries. As initial condition, 
a divergence-free velocity field uo(x) is specified over the domain R, at t =0: 
u(x,O)=uo(x) on Ro. (7) 
3. THE STABILIZED SPACE-TIME FINITE ELEMENT FORMULATION 
In the space-time finite element formulation the time interval (0, T )  is partitioned into sub- 
intervals Z,=(C, ,~ ,+~) ,  where t ,  and L , + ~  belong to an ordered series of time levels 
O= to < t l  < . . . < tN = T. It was first shown by Tezduyar et al.'. ' that the stabilized space-time 
finite element formulation can be effectively applied to fluid dynamics computations involving 
moving boundaries and interfaces. In this formulation the spatial domains at various time levels 
are allowed to vary. We let R,=Rtn and r ,=Tt , ,  and define the space-time slab Q, as the 
space-time domain enclosed by the surfaces a, On+ and P, .  Here P,, thelateral surface of Q,, is 
the surface described by the boundary r as t traverses I , .  Similarly to the way it was represented 
by equations (5 )  and (6), P, is decomposed into (P,), and (PJl  with respect to the type of boundary 
condition being imposed. 
Finite element discretization of a space-time slab Q, is achieved by dividing it into elements Q;, 
e =  1, 2, . . . , (no,),, where (ne,), is the number of elements in the space-time slab Q,. Associated 
with this discretization, for each space-time slab we define the following finite element interpola- 
tion function spaces for the velocity and pressure: 
(Si), = (uh 1 uh E [H1h(Qn)]"sd, uh&g" on (P,),}, (8) 
( Vi) ,  = (wh I wh E [H'h(Q,)]"'d, wh A 0 on (P,),}, (9) 
(S!),=(V!),= {qh I qhEH1h(Qn)}. (10) 
Here HIh(Qn) represents the finite-dimensional function space over the space-time slab Q,. This 
space is formed by using, over the parent (element) domain, first-order polynomials in space and 
time. It is also possible to use zeroth-order polynomials in time. In either case, globally, the 
interpolation functions are continuous in space but discontinuous in time. 
The space-time formulation of (1H7) can be written as follows: start with 
(Uh)i = (uoIh; (1 1) 
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sequentially for Q1, Q2, . . . , QN- 1, given (u'), , find uh E (S:), and ph E(S:), such that V wh E (V:), 
and V qh E (V:)" 
w - p  - + u h * V u h  dQ+ &(wh):c(ph,uh)dQ 
[Q,, (th ) [Q. 
- w h - h d P + J  qhpV-uhdQ+J (wh)),'.p[(uh)n+-(uh)~]dQ J(p . I I  Q. R 
( n d n  
+ [ T [ p  (%+ Uh .v  wh) - v * a(qh, wh)] * [ p r$+ uh -VU*) -V - a(ph, uh)] dQ 
Q.' e = l  +(I$: 6V - whpV - uh dQ = 0. 
In the variational formulation given by (12) the following notation is being used: 
(uh); = lim uh(tn A a), 
6 + 0  
jQn(. . .)dQ=[,n[R(. . .)dQdt, 
(. . .) d P  = 1,. lr (. . .) d r  dt. 
Remarks 
1 .  In equation (12) the series of integrals involving the coefficients T and 6 are the least-squares 
terms added to the Galerkin variational formulation to assure the numerical stability of the 
computations. This kind of stabilization of the Galerkin formulation is referred to as the 
Galerkinlleast-squares (GLS) procedure and can be considered as a generalization of the 
stabilization based on the streamline upwind/Petrov-Galerkin (SUPG) and pressure- 
stabilizing1Petrov-Galerkin (PSPG) procedures employed for incompressible flows.21 It is 
with such stabilization procedures that it is possible to use elements which have equal-order 
interpolation functions for velocity and pressure and which are otherwise unstable. The 
coefficient z is defined as 
t = [ ( T ) 2  2 lbh I1 + r$)2] - l i 2 ,  
where h is the element length. In this paper, for all problems involving cylinders, we use 6 = 0. 
For the problem involving an oscillating aerofoil the expression for 6 is the same as the one 
used by Franca and Frey," i.e. 
where z is defined as 
_-  4  {fRe,,IZ Re& < 3, 
Re,,/2 >, 3. 
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Here Re, is the element Reynolds number defined as 
I1 U h  I1 h Reu=-.  
2v 
This form of z is very similar to the one used by Tezduyar et al.” 
Because the finite element interpolation functions are discontinuous in time, the fully 
discrete equations can be solved one space-time slab at  a time. Still, the memory needed for 
the global matrices involved in this method is quite substantial. However, iteration methods 
can be employed to substantially reduce the cost involved in solving the linear equation 
systems arising from the space-time finite element discretization. It was shown by Liou and 
Tezduyar’ that the clustered element-by-element (CEBE) preconditioners together with the 
generalized minimal residual (GMRES) method7 can be effectively used to reduce the 
associated cost significantly. All results reported here were computed by using such 
techniques. 
With the DSD/ST procedure, to facilitate the motion of solid boundaries, we need to move 
the boundary nodes with the velocity of the fluid at those nodes. Except for this restriction 
we have the freedom to move all the nodes any way we would like to. With this freedom we 
can move the mesh in such a way that we only need to remesh when it becomes necessary to 
do so to prevent unacceptable degrees of mesh distortion and potential entanglements. By 
minimizing the frequency of remeshing, we minimize the projection errors expected to be 
introduced by remeshing. Furthermore, by minimizing the frequency of remeshing, we 
increase the parallelization potential of the computations and this is a desirable feature 
especially for massively parallel computations. For the problems involving oscillating 
cylinders we use the mesh-moving scheme described by Tezduyar et al.’ In this paper we 
introduce a more general mesh-moving scheme for flows involving moving objects. Prelimi- 
nary results are presented for a pitching aerofoil using the same scheme. 
4. NUMERICAL RESULTS AND DISCUSSION 
All solutions presented here were obtained with interpolation functions that are spatially bilinear 
and temporally linear. Nodal values of the vorticity and streamfunction were obtained by 
least-squares interpolation. 
4.1. Unsteady j o w s  past a circular cylinder 
In all cases involving a circular cylinder the computational values for the cylinder radius and 
the freestream velocity are 1.0 and 0.125 respectively and the time step size is 1.0. The Reynolds 
number is based on the freestream velocity and the cylinder diameter. The dimensions of the 
computational domain, normalized by the cylinder radius, are 61-0 and 32.0 in the flow and 
cross-flow directions respectively. The zero-displacement location for the cylinder is at (16,16) 
relative to the lower left corner of the domain. The mesh employed consists of 4060 elements and 
4209 nodes. Symmetry conditions are imposed at the upper and lower computational boundaries 
and the traction-free condition is imposed at the outflow boundary. The periodic solution for flow 
past a fixed cylinder is obtained by introducing a short-term perturbation to the symmetric 
solution. In all our computations, to solve the implicit equation systems resulting from the 
space-time finite element discretization, we use the GMRES iteration method with the CEBE 
preconditioners. At every time step approximately 25 000 equations are solved simultaneously. 
We chose a Krylov vector space of dimension 25 and an average cluster size of 23 elements. For 
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this set of problems, compared to the direct solution method, the CEBE technique takes less than 
one-sixth of the CPU time and less than one-third of the memory. All the pictures that show the 
flow field around the cylinder display the part of the domain enclosed by the rectangular region 
with the lower left and upper right corners located at (13,lO) and (43,22) respectively. Some of the 
data from these computations were used to produce a set of video animations23 to have a better 
understanding of these unsteady flows involving oscillating cylinders. 
4.1.1. Forced horizontal oscillations of a cylinder at Reynolds number 100. It is well known that 
at Reynolds number 100 flow past a fixed cylinder leads to the classical unsymmetrical vortex 
shedding. In such a case the lift and torque coefficients oscillate with a frequency corresponding to 
the related Strouhal number, while the drag oscillates with twice that frequency. The case in 
which the cylinder is subjected to forced horizontal oscillations shows some interesting features, 
Depending on the amplitude and frequency ( f f )  of the forced oscillations of the cylinder, two 
modes of vortex shedding are possible. This phenomenon, for vortex-induced oscillations, has 
been discussed in the review papers by Sarpkaya" and King." Oscillations with a low reduced 
frequency (Ff =2ffa/U,,  where a is the radius of the cylinder and U ,  is the freestream velocity) 
lead to unsymmetric modes of vortex shedding. For higher values of Ff, on the other hand, 
symmetric vortex shedding is observed. However, such a symmetric arrangement of the vortices is 
unstable and consequently the vortices coalesce and eventually become unsymmetrical down- 
stream. 
We simulate the flow with symmetrical shedding by forcing the cylinder to oscillate horizon- 
tally with the prescribed displacement (normalized by the cylinder radius) 
x = 1 -cos(qt), (20) 
where wf = 2nh. For this case the value offf corresponds to a reduced frequency of 0.35. The initial 
condition for this simulation is prescribed as the temporally periodic solution for flow past a fixed 
cylinder at Re= 100. Figure 1 shows the time histories of the drag, lift and torque coefficients and 
the normalized horizontal displacement and velocity (normalized by the freestream velocity) of 
the cylinder. We observe that the drag coefficient for the horizontally oscillating cylinder is 
significantly larger than that for a fixed cylinder. Furthermore, the drag coefficient oscillates with 
a reduced frequency of 0.35 whereas the lift and torque coefficients approach zero. The fact that 
we start from an unsymmetric solution and still obtain a symmetric mode of shedding demon- 
strates that this mode is stable one. Figure 2 shows a sequence of frames for the vorticity field 
during one period of the cylinder motion. The first, third and last frames correspond to the mean 
cylinder location, while the second and fourth frames correspond to the left and right extreme 
positions of the cylinder respectively. It can be observed that during each period of cylinder 
motion two symmetrical pairs of vortices are shed from the cylinder's lower and upper surfaces. 
One of these pairs is shed while the cylinder moves in the direction of the flow (i.e. while the 
relative Reynolds number for the cylinder is ~ 1 0 0 )  whereas the other one is shed while the 
cylinder motion opposes the freestream flow (i.e. while the relative Reynolds number for the 
cylinder is =- 100). The former pair is much weaker than the latter and diffuses very quickly. 
4.1.2. Vortex-induced vertical oscillations of a cylinder. Unsymmetrical vortex shedding causes 
a fixed cylinder to experience an alternating lift force at a frequency corresponding to the 
Strouhal number for that Reynolds number. If the cylinder is mounted on a flexible support, then 
under certain conditions it can undergo sustained oscillations with a frequency close to or 
coincident with its natural frequency. These oscillations can alter the vortex-shedding mechan- 
ism, which in turn can change the cylinder response, and so on. This leads to a complex non-linear 
fluid-structure interaction phenomenon and has been the subject of several  investigation^.'-'^ 
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Figure 1. Flow past a horizontally oscillating cylinder at Re= 100: time histories of the drag, lift and torque coefficients 
and the normalized velocity and displacement of the cylinder 
We simulate this phenomenon for a cylinder which is allowed to move only in the vertical 
direction. The motion of the cylinder is governed by 
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Here Y, Y and Y are the normalized vertical acceleration, velocity and displacement of the 
cylinder respectively. The displacement and velocity of the cylinder are normalized by its radius 
and the freestream velocity respectively. M is the non-dimensional mass/unit length of the 
cylinder, 5 is the structural damping coefficient associated with the system and CL denotes the lift 
coefficient for the cylinder. F, ,  the reduced natural frequency of the spring-mass system, is 
defined as 
F,=---,  2fna 
urn 
wheref, is the actual natural frequency of the system. Equation (22) can be rewritten as 
4fna2 P Fn=- 
p Re' 
For our problem, F ,  = 66/Re, M = 472.74 and = 3.3 x 
Reynolds number = 324. At Reynolds number 324 the reduced natural frequency of the 
spring-mass system and the Strouhal number for flow past a fixed cylinder have very close values. 
Therefore we decided to first carry out this simulation for Reynolds number 324. The temporally 
periodic solution for flow past a fixed cylinder at the same Reynolds number is used as the initial 
condition. Time histories of the drag, lift and torque coefficients for the fixed cylinder at Re= 324 
are shown in Figure 3. Figure 4 shows a sequence of frames for the vorticity during one period of 
the lift coefficient for the fixed cylinder. Figure 5 shows, for the initial and later stages of the 
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Figure 3. Flow past a fixed cylinder at Re=324 time histories of the drag, lift and torque coefficients 
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Figure 5. Flow past a vertically oscillating cylinder at Re = 324 initial and later time histories of the drag, lift and torque 
coefficients and the normalized velocity and displacement of the cylinder 
simulation, time histories of the drag, lift and torque coefficients and the normalized vertical 
displacement and velocity of the cylinder. We observe that initially the cylinder oscillates with an 
increasing amplitude. The drag and torque coefficients for the cylinder also increase, while the lift 
coefficient has a decreasing amplitude. It is interesting to note that both the mean and peak values 
of the drag coefficient increase with time but the trough value remains almost constant. Later, the 
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cylinder reaches a temporally periodic oscillation amplitude of approximately one radius. It 
oscillates with its natural frequency and so does the torque coefficient; the drag coefficient 
oscillates with twice the natural frequency of the cylinder. The dominant frequency for the lift 
coefficient corresponds to the natural frequency of the cylinder. In addition, there is a very small 
component of the lift coefficient with thrice the frequency of the dominant one (see the power 
spectra in Figure 6). Figure 7 shows a sequence of frames for the vorticity field during one period 
of the cylinder motion. The first, third and last frames correspond to the mean cylinder location, 
while the second and fourth frames correspond to the lower and upper extreme positions of the 
cylinder respectively. The finite element meshes corresponding to the lower extreme, mean and 
upper extreme positions of the cylinder are shown in Figure 8. 
Variation of cylinder response with Reynolds number. We also investigated the behaviour of 
this non-linear oscillator at Reynolds numbers for which the Strouhal number for the flow past 
a fixed cylinder (F,,,) is different from the reduced natural frequency of the spring-mass system 
(F,,) .  For later reference we define F ,  to be the Strouhal number for the flow past an oscillating 
cylinder. Figure 9 shows the response of the cylinder at various Reynolds numbers. We observe 
that for certain ranges of the Reynolds number the temporally periodic oscillation amplitude of 
the cylinder reaches two different values depending on the initial condition. For those Reynolds 
numbers an initial condition corresponding to a low oscillation amplitude of the cylinder leads to 
a temporally periodic solution with a low amplitude of vibration. On the other hand, if the initial 
condition corresponds to an oscillation amplitude that is higher than a certain threshold value, 
which we will discuss later, a temporally periodic solution with a high amplitude of cylinder 
vibration is reached. We will refer to these two different types of solutions as the low- and 
high-amplitude solutions. These double-amplitude solutions of the oscillator can also be inter- 
preted as a ‘hysteresis’-type behaviour; the oscillator reaches different vibration amplitudes 
depending on whether one approaches the Reynolds number of interest from a lower or a higher 
side. The cause of this behaviour will be discussed later in the paper. For the set of Reynolds 
number studied, there is also a range for which only one level of oscillation amplitude is obtained 
regardless of the initial condition. We will refer to these solutions too as the high-amplitude 
solutions. Figure 10 shows the variation with Reynolds number of the different non-dimensional 
frequencies associated with the system. Also plotted in the same figure are the experimental values 
of the Strouhal number, obtained by Roshko (extracted from Reference 13), for flow past a fixed 
cylinder at different Reynolds numbers. This relation is given as 
FsO = 0.212 (1 - g) . 
It can be seen that for flow past a fixed cylinder the difference between the Strouhal number 
from our computations and the one given by equation (24) is less than 3%. We also observe from 
our computations that for all the Reynolds numbers we studied, for high-amplitude solutions the 
vortex-shedding frequency of the oscillating cylinder becomes equal to the natural frequency of 
the system (i.e. F, = F,,). This phenomenon has been observed by several other researchers in the 
past and is known as ‘lo~k-in’.’-’~ For the range of Reynolds numbers for which we observe 
multiple solutions, the low-amplitude solution results in a Strouhal number very close to the one 
for a fixed cylinder. We will first describe the cases for which F ,  < FsO (i.e. Re > 324). 
Reynolds number > 324. Figure 1 1  shows for Reynolds number 330 the initial and later time 
histories of the drag, lift and torque coefficients and the normalized vertical displacement and 
velocity of the cylinder. We observe that the response of the cylinder is very similar to the one for 
Reynolds number 324. 
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Figure 6. Flow past a vertically oscillating cylinder: power spectra of the lift, drag and torque coefficients at different 
Reynolds numbers 
For Reynolds number 340 we obtain two solutions depending on the initial oscillation 
amplitude of the cylinder. The initial and later time histories of the drag, lift and torque 
coefficients and the normalized vertical displacement and velocity of the cylinder for the 
low-amplitude solution are shown in Figure 12. We observe 'beats' in the response of the cylinder 
during the initial stages of the simulation. Finally, the cylinder reaches a temporally periodic 
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vibration amplitude of approximately 0.03 radii. Correspotrding to this low-amplitude solution,
Figure 13 shows a sequence of frames for the vorticity during one period of tlrc cylinder motion.
These flow patterns look very similar to those in Figure 4 for a fixed cylindor at Reynolds numb€r
324. Figure 14 shows for the high-amplitude solution the rime histories ofrhe dmg,lift and rorquc
coefficients and the normalized ve ical displac€men! aod velocity of the cylioder. Th€ corres-
ponding flow fields during one period of th€ cylinder motion are shown in Figurc 15. When we
compare_Figures 13 and 15, we notic€ that the longitudidal spacing between the vorticas for the
high-amplitude solution is laqer than that for lhe low-amplitude solution. The wake behav€s this
way b€cause for the high-amplitude solution the sheddiry frequency gets locked in to tle natural
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Figure 10. Flow past a vertically oscillating cylinder: non-dimensional frequency versus Reynolds number 
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frequency, whereas the shedding frequency for the low-amplitude solution is very close to that for 
a fixed cylinder. Therefore, compared to the fixed cylinder or the case with low-amplitude 
oscillations, in a given time interval fewer vortices are shed by the cylinder with high-amplitude 
oscillations (F,<F, , ) .  The same phenomenon was observed by Koopmann12 as a result of 
conducting a set of laboratory experiments involving forced vertical oscillations of cylinders. The 
time histories of the drag, lift and torque coefficients and the normalized vertical displacement 
and velocity of the cylinder corresponding to the high-amplitude solution at Reynolds number 
360 are shown in Figure 16. Figure 17 shows the corresponding flow fields during one period of 
the cylinder motion. The longitudinal spacing between the vortices increases even more for this 
case. This is expected because the difference between FsO and F ,  is higher for this case than it was 
for Reynolds number 340. 
Reynolds number < 324. Now we describe the cases for which F ,  > F,, (i.e. Re < 324). Figure 
18 shows for Reynolds number 310 the time histories of the drag, lift and torque coefficients and 
the normalized vertical displacement and velocity of the cylinder. The lift coefficient has an 
additional temporal frequency that reduces the peak value of the component at the dominant 
frequency. From the power spectrum of the lift coefficient in Figure 6 we observe that the 
dominant frequency corresponds to the natural frequency of the spring-mass system and that 
there is an additional component at 3F, .  Similar results are observed for Reynolds number 305. 
The time histories of the drag, lift and torque coefficients and the normalized vertical displace- 
ment and velocity of the cylinder for Reynolds number 305 are shown in Figure 19. The 
corresponding flow fields during one period of the cylinder motion are shown in Figure 20. It can 
be seen that the longitudinal spacing between the vortices in the wake of the cylinder for this case 
is smaller than that for a fixed cylinder (e.g. for Reynolds number 324 in Figure 4). This 
arrangement of the vortices appears to be unstable and therefore the vortices coalesce down- 
stream. The decrease in the longitudinal spacing between the vortices for this case can be 
explained by recognizing that the shedding frequency locks in to the natural frequency. Therefore, 
compared to a fixed cylinder, in a given time interval a larger number of vortices are shed 
( F ,  > F,,). Koopmann' observed the same phenomenon during his laboratory experiments 
involving cylinders forced to oscillate vertically. Time histories of the drag, lift and torque 
coefficients and the normalized vertical displacement and velocity of the cylinder for Reynolds 
number 300 are shown in Figure 21. The response of the cylinder for this case is particularly 
interesting because this Reynolds number seems to be the borderline between those for which 
multiple solutions are seen and those for which there is only one solution. Figure 22 shows the 
detailed plots of the same quantities as in Figure 21 for three different periods of time. During the 
initial stages of the simulation beats can be observed in the response of the cylinder. Later, the 
cylinder reaches a temporally periodic oscillation amplitude of approximately one cylinder 
radius. The corresponding flow fields during one period of the cylinder motion are shown in 
Figure 23. When we compare these pictures with those for Reynolds number 305 (Figure 20), we 
observe that the longitudinal spacing between the vortices decreases as the Reynolds number is 
decreased. We also notice that the disturbance that causes the vortices to coalesce travels 
upstream as the Reynolds number is decreased. Multiple solutions are observed for lower 
Reynolds numbers. Figure 24 shows the time histories of the drag, lift and torque coefficients and 
the normalized vertical displacement and velocity of the cylinder for the high-amplitude solution 
at Reynolds number 295. The flow patterns corresponding to this solution during one period of 
the cylinder motion are shown in Figure 25. The flow fields corresponding to the low-amplitude 
solution (not shown here) look very similar to those for flow past a fixed cylinder. For Reynolds 
number 290 the time histories of the drag, lift and torque coefficients and the normalized vertical 
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Figure 16. Flow past a vertically oscillating cylinder at Re= 360 (high-amplitude solution): time histories of the drag, lift 
and torque coefficients and the normalized velocity and displacement of the cylinder 
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Figure 18. Flow past a vertically oscillating cylinder at Re=  310: time histories of the drag, lift and torque coefficients and 
the normalized velocity and displacement of the cylinder 
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Figure 19. Flow past a vertically oscillating cylinder at Re = 305: time histories of the drag, lift and torque coefficients and 
the normalized velocity and displacement of the cylinder 
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Figure 21. Flow past a vertically oscillating cylinder at Re = 300: time histories of the drag, lift and torque coefficients and 
the normalized velocity and displacement of the cylinder 
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Figure 26. Flow past a vertically oscillating cylinder at Re=290 (high-amplitude solution): time histories of the drag, lift 
and torque coefficients and the normalized velocity and displacement of the cylinder 
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displacement and velocity of the cylinder for the high-amplitude solution are shown in Figure 26. 
Compared to the other cases of high-amplitude solutions, the maximum value of the lift 
coefficient in this case reaches a very high value. Also, in Figure 26 we observe the presence of 
more than one temporal frequency in the plots for the drag, lift and torque coefficients. The flow 
patterns during one period of the cylinder motion in this case are shown in Figure 27. We notice 
that the disturbance that makes the vortices in the wake unstable and which travels upstream as 
the Reynolds number decreases now reaches the cylinder. We suspect that this Reynolds number 
is very close to the end of the lock-in region and below this we may get only one solution-a 
low-amplitude one. For the low-amplitude solution at Reynolds number 290 the time histories of 
the drag, lift and torque coefficients and the normalized vertical displacement and velocity of the 
cylinder are shown in Figure 28. 
Variation of lift, torque, drag and cylinder velocity with Reynolds number. Figures 29-31 show 
the variation of the peak values of the lift, torque and drag coefficients with Reynolds number 
respectively. From these figures we notice that, compared to the fixed cylinder, the peak value of 
the drag coefficient for the high-amplitude solution may increase by up to 100% and the lift 
coefficient may decrease down to less than 25%. We also observe that the minimum value of the 
drag coefficient is rather insensitive to the amplitude of the cylinder oscillations. The variation of 
the amplitude of the cylinder velocity (normalized with the freestream velocity) with Reynolds 
number is shown in Figure 32. 
Discussion of multiple solutions. The presence of multiple solutions in the context of vortex- 
induced oscillations of a cylinder has been reported by other researchers in the past” and is 
referred to as a ‘hysteresis’-type behaviour. We are not aware of any work explaining the exact 
cause of this phenomenon. In the past, researchers have suspected this phenomenon to be 
a consequence of variable structural damping, a non-linear spring behaviour or a strong 
non-linearity in the lift coefficient. In this paper we attempt to explain the cause of this double- 
amplitude behaviour by carrying out a linear oscillator analysis and viewing the resulting 
cylinder response along with certain experimental data reported by B le~ ins .~  
It is well known that the vortex-shedding frequency of an oscillating cylinder can change from 
the stationary shedding frequency to the vibration frequency of the cylinder if the amplitude of the 
vibration is large enough. As was pointed out before, this effect is known as ‘lock-in’. Figure 33, 
taken from Reference 9, shows for different vibration frequencies the amplitude of the cylinder 
vibration needed to cause lock-in. It can be seen that the amplitude of vibration needed to cause 
lock-in increases with the increase in the ratio of the vibration frequency to the stationary 
shedding frequency. Also, the shedding frequency of an oscillating cylinder can change by as 
much as 40% from the shedding frequency for a stationary cylinder. 
Let us assume the cylinder to be a linear oscillator, i.e. the motion of the cylinder does not 
change the flow field; consequently the lift coefficient and the Strouhal number for a fixed and an 
oscillating cylinder remain the same. Let us also assume that the lift coefficient does not change 
with the Reynolds number (C,  =0.9). Furthermore, let us assume that the shedding frequency of 
the cylinder follows equation (24). Figure 34 shows the temporally periodic vibration amplitude 
of the cylinder for various Reynolds numbers with the foregoing assumptions. Also plotted in the 
same figure is a linear approximation to the curve from Figure 33, the curve that relates the 
threshold amplitude needed for lock-in to FJFso.  We notice that for Reynolds number 324 the 
linear model predicts a vibration amplitude much larger than what we get from our com- 
putations. This is expected because the actual oscillator has a non-linear behaviour and the lift 
coefficient decreases when the vibration amplitude increases. However, the low-amplitude solu- 
tions we get from the non-linear model (i.e. our computations) compare very well with the 
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Figure 28. Flow past a vertically oscillating cylinder at Re= 290 (low-amplitude solution): initial and later time histories 
of the drag, lift and torque coefficients and the normalized velocity and displacement of the cylinder 
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Figure 32. Flow past a vertically oscillating cylinder: non-dimensional velocity amplitude versus Reynolds number 
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Figure 34. Oscillation amplitude from the linear oscillator model and the minimum value needed for lock-in 
vibration amplitudes we get from this linear analysis. Figure 35 shows an enlarged plot from 
Figure 34 to bring out more clearly the main purpose of this exercise. In Figure 35 the 'V-shaped 
region enclosed by the lines from Koopmann's data (extracted from Reference 9) represents the 
region of lock-in. Consider a flow at Reynolds number 330. The amplitude predicted by the linear 
oscillator model lies in the lock-in region. Thus, if we release the cylinder from rest, its oscillation 
amplitude increases, and as soon as it reaches a value of approximately 0.03 cylinder radii, the 
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0 360 
Figure 35. Enlarged plot from Figure 34 
shedding frequency locks in to the natural frequency of the spring-mass system and eventually we 
get a high-amplitude solution. At Reynolds number 360, on the other hand, the amplitude 
predicted by the linear oscillator model is much smaller than that needed for lock-in. Therefore, 
when the cylinder is released from rest, it fails to lock in and consequently reaches a low- 
amplitude solution. However, if the cylinder is initially forced to oscillate with an amplitude 
higher than that needed for lock-in (>0.155 cylinder radii), then the shedding frequency locks in 
to the natural frequency of the spring-mass system. This therefore leads to a high-amplitude 
solution. The same phenomenon occurs for the range of Reynolds number less than 324. It is 
interesting to note that for the high-Reynolds-number side our computations yield only one 
solution at Reynolds number 330 and two solutions for Reynolds number 340; the same 
prediction can be made from Figure 35. For the low-Reynolds-number side Figure 35 predicts 
a higher Reynolds number for the beginning of the multiple-solution range than what we get from 
our computations. This difference can perhaps be attributed to the assumptions we made to 
linearize the oscillator model and the three-dimensional effects in the experimental data collected 
by Koopmann (extracted from Reference 9). 
4.2. Flow past a pitching aerofoil at Reynolds number 1000 
We now present some of our preliminary results for flow past a pitching aerofoil (NACA 0012) 
at Reynolds number 1OOO. The Reynolds number is based on the freestream velocity and the 
chord length of the aerofoil. The dimensions of the computational domain, normalized by the 
chord length of the aerofoil, are 30.0 and 20.0 in the flow and cross-flow directions respectively. 
The finite element mesh consists of 6609 nodes and 6460 elements. At every time step, approxim- 
ately 39000 equations are solved simultaneously. To solve this equation system, we use the 
GMRES iteration method with the CEBE preconditioners. The average cluster size is 29 elements 
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Figure 36. Flow past a pitching aerofoil at Re= 1OOO: time histories of the drag, lift and torque coefficients and the 
pitching velocity and angle 
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and the dimension of the Krylov vector space is 30 For this prcbl€m, comparcd to the dircct
solution metho4 the CEBE technique takes less than one-seventh of the CPU time and
approximately one-fourth of the memory. The freestrcam velocity is l-0 and the time step siTe is
002. Symmetry conditions are imposed at the upper and lower computational boundaries;the
tmction-free conditior is imposed at the outflow boundary which is located 20 chord lenglhs
downsfeam of the half-chod point of the aerofoil The initial condition is the tempom]ly
periodic solution for the flow past a fixed aerofoil at 10' angle of attack. Then the aerofoil is
forced to pitch about its hatf-chod point with the prescribed angular displacem€nt
- 
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FiguE 39. Flov past ! piiching dofoil at Re = 1000 litite €lmenI nesh6 corespondi4 to lhe two exlr€m€ posrhons
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Figure 36 shows the time histories of the drag, lift and torque coefficients and the angular 
velocity and displacement (in degrees) of the aerofoil. The drag, lift and torque coefficients 
oscillate with a dominant non-dimensional frequency of 1.0. Furthermore, the drag coefficient has 
an additional component at twice the aerofoil pitching frequency. It can also be seen that the peak 
value of the lift coefficient is much larger than that for a fixed aerofoil. In the context of aeroplane 
performance, this fact can be exploited by aircraft to attain high lift coefficients by rapid pitching 
motion during severe manoeuvres. Figures 37 and 38 show a sequence of frames for the vorticity 
and streamfunction during one period of the aerofoil motion. Qualitatively, these flow patterns 
compare well with those reported by Tuncer et al.” and Ohmi et al.” for a similar (but not the 
same) aerofoil motion. The finite element meshes corresponding to the two extreme positions of 
the aerofoil are shown in Figure 39. 
5. CONCLUDING REMARKS 
The space-time finite element formulation with the Galerkin/least-squares stabilization was used 
to solve certain unsteady flow problems involving oscillating cylinders and aerofoils. To minimize 
the computational cost associated with these fairly large-scale problems, the GMRES iteration 
technique and CEBE preconditioners were employed to solve the implicit equation systems 
resulting from the space-time finite element discretization. Certain interesting physical phe- 
nomena were observed as a result of these computations. Flow past a cylinder subjected to forced 
horizontal oscillations leads to a symmetric mode of vortex shedding. The case of vortex-excited 
vertical oscillations was also simulated. The coupling between the fluid flow and the cylinder 
motion makes the oscillator non-linear and leads to certain interesting phenomena such as 
‘lock-in’ and ‘hysteresis’, The cause of the ‘hysteresis’ type of behaviour of this oscillator was 
investigated using a linear oscillator model and experimental data reported by other inves- 
tigators. Preliminary results were presented for flow past a pitching aerofoil at Reynolds number 
1000. In all the results presented here, smart mesh-moving techniques were employed to avoid 
remeshing; consequently, our computations are free from the projection errors associated with 
frequent remeshing. 
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